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TouHBie KBa/],paTypHfcie cJropMyjrni u uepaBeucTBa 
pasHBix MexpuK flJia papHOuajiBUBix djyHKpuii 
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B.H. ^auueHKO, Jl.A. CeMUH 

vdanch2012@yandex.ru, semin.lev@gmail.com 

AuHOTaqua. nojiynenni xonnwe KBaq;paxypHL.ie (|)opMyjiL.i ^jih nnxerpajiOB 
ox papnonajiBHBix (JryHKpnn KOMnjieKcnoro nepcMennoro na OKpyjKHOcxax, Be- 
rpecxBeHHOH ocn n ee cerMenxax. Han^enBi xonnuie KBa^paxypnBie (|)opMyjiBi 
fljia noflcnexa L 2 -HOPM papnonajiBHBix (JryHKpnn na xaunx MHOxcecxBax. Ha 
ocHOBaHHH KBa^paxypHBix (jropMyji ^jia papnonajiBHUix (JryHKpnH n, b nacx- 
HocxH, fljiH Hannpocxenmnx q;po6eH n MHoronjienoB nojiynenni xonnuie nepa- 
BencxBa paannix MexpnK (xnna nepaBencxB C.M. HnnojincKoro). 

BubjTHorpacJrHa: 36 HanMenoBaHnn. 

KjuoueBBie cjiOBa: xonnuie KBaq;paxypHBie cJropMyjiBi ^jia papnonajiBHuix 
(JryHKpnn, Hannpocxenmaa q;po6B, nepaBencxBa paannix MexpnK (xnna nepa- 
BencxB C.M. Khkojibckofo). 


1. OopMyjIHpOBKa OCHOBHbIX pesyjiBTaTOB 

1.1. HycxB r>0H7r:={2;: \z\= r}. PaccMoxpnM Konennoe MHoncecxBO na C BH7,a 
U Z*, n e N, r 7 ;e 

Zr,-.= {zi,...,Zn}, 2:* = {2;*,...,4} = {rV^, 2^1 = 0, zl = 00, (1) 


npnneM MHoncecxBO Zn JieJKHX b Kpyre \z\ < r (mhojkbcxbo Z* CHMMexpnnHO Zn 
oxHOCHxejiBHO OKpyjKHOcxH 7^). CnnxaeM xoukh Zk nonapno paajiHUHBiMH. Hpn z G C 
nOJIOJKHM 


BW=r'‘n 


Zk , . B'{z) 

—, /i(z) = z- 


k=l 


ZZk 


B{z) 


h(C) = 


n 9 


\Zk\ 


k=l 


1C - Zk\ 


C e 7r. (2) 


^PaGoxa BbinojiHena npn (hnnaHCOBOH no.zmep}KKe APIIHHhT W 1.1348.2011, POOH (npoexT W 14- 
01-00510), MaHoOpnayKH Pocchh (saflaHne 2014/13, ko.h npoeKia: 3037). PaOoxa BtinojiHena b paMKax 
rocy.ii,apcTBeHHoro aaflanHH BjiFY 2014/13 b cchepe Haynnoli ^eHTejiBHOCTH (xeivia 2868). 
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BajKHyio pojib npn nocxpoeHHH KBa^paxypHtix ysjioB nrpaiox KopHH Ck{s, <f) ypaBHeHHH 
-B®(C) = e*'^ oxHOCHxejiBHO ( npn (JiHKCHpoBaHHBix s G N H 99 G M. By^eM HHor^a nasBi- 
BaxB Hx moHKaMU HaceuKU. OneBn^Ho, npn jiioGbix s m ip HMeexcH poBHo s n pasjiHHHBix 
xoneK HaceHKH h Bce ohh jieacax na 7^. KpoMe xoro, KajK^aa xoHKa Cfe('S, nenpepBiBHo 
npo6eraex oKpyjKHocxB 7^ npn (JiHKCHpoBaHHOM s h nenpepBiBHOM HaMeneHHH napaMexpa 
V? ox 0 70 27 rns. CnpaBe^jiHBa 


TeopeMa 1. Ilycm'b s & N u R — payuonajihuaH (pyuKyuH, ece nojimcu Komopou 
Aeoicam na Z^U Z*, npuneM omAUHHue om zi = Q u = 00 noAmcu uMemm npamno- 
cmu He eume s, a e mounax Zi u z^ Moeym 6 umt> noAwcu Kpamnocmu ne euiue s — 1. 
Todda npu ecex 99 G M Oah moneK naceuKu (k = Ck{s,ip), ydoeAemeopAmw^ux ypaenenum 
-B®(C) = UMeeM 


[ m\dc\ 

7|C|=r 


27rr RjCk) 


(3) 


TeopeMa 2. B ycAoeunx meopcMU 1 Oaa moueK naceuKu (k = Cfc(2s,v9), ydoeAemeo- 
pHwinux ypaenenuTO -B^®(C) = umccm 


ll^ll 


2 

L2M 



(4) 


Upu amoM, e omAUHue om meopejuu 1 , docmamouno, nmoSu cyMMa Kpamnocmeu noAfo- 
coe 6 moHKax zi = Q u zl = 00 ne npeeocxoduAa 2s — 1. B uacmHocmu, (4) cnpaeedAueo 
Oaa MHoeoHACHoe cmenenu ne eume 2s — 1 w ^yuKyuu p, {moeda s = I); 


2n 


2 

L2M 


= nr 


^/i(Cfc(2,(^)). 


k=l 


(5) 


IIpHMeHaHHe. Ha xeopeMBi 2 nojiynaioxcH KBa^paxypHBie cJiopMyjiBi h pjin L 2 m-HopM 
(m = 2,3,...) 

/ 2 TTISTI I ^ \ I 2j7T, 

IflKjp-MCI = £ E ^ 7 ^. C* = C»(2m.,v>). ( 6 ) 

ripHMeneHHeM (4) k papHonajiBHBiM (JiyHKpHJiM K^{z) c aaMenofi s na ms. 3xo ace oxho- 
CHXCH H K HHacecjieflylomHM aHajioxHHHBiM 4 )opMyjiaM. 

1.2. Ha xeopeM 1 h 2 b neKoxopBix cjiyaaax mojkho nojiyanxB xoanBie KBa^paxypHBie 
4)opMyjiBi Ha MHoacecxBax, Koxopnie hbjihioxch oGpaaaMH oRpyacHocxen npn oxoGpaaceHH- 
Hx papHOHajiBHBiMH (JiyHKpHHMH. CcJiopMyjiHpyeM xaKOH peayjiBxax ^jih oxpeaKa [—1,1]. 
HycxB Wn — He nepeceKaiomeecH c oxpeaKOM [—1,1] KOHennoe MHoacecxBo (nonapno paa- 

JIHHHBIX XOHeK) BH^a 

H4 = { 00 ,^2, • • •, Wn} u {mE, • • • ,M^}, n>2, IHi = {(X)} 

(xpaxHocxH BemecxBeHHBix xonex o6x.e7;HHeHH5i ne yHHXBiBaexca). Hpn oxoGpaaceHHH 
>KyKOBCKoro w = (v + l/v)/2 MHoacecxBy Wn cooxBexcxByex npooGpaa = Z^ U Z* 
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BH^a (1), coflepjKamHH 2v pasjiHHHBix xoneK c z/ < 2n — 1 (no-npexcHeMy zi = 0, z* = oo). 
IIOJIOJKHM (cp. c (2)) 


Bo{z) 


V 


n 


Z- Zk 
I-^z' 




TeopeMa 3. Uycmh s ^ N u R — payuonaAbHafi ^yuKyuH, ece noAwcu Komopou 
AeMcam na Wn, npuHCM orriAUHHue om oo noAtocu uMewm Kpamnocmu ne euiue s, a e 
6ecK0HeHH0 yda^enHou mouKe Mocncem 6umt> noAmc Kpamnocmu ne euiue s — 1. Toeda 
npu KaatcdoM (p G M 


l‘^ R{x) Rjxkjp)) 

-1 \/l - a ;2 s ^/io(Cfc(</5)) ’ 



(7) 



TT ^ \R{tM)\^ 

2s ^ ’ 



( 8 ) 


ede u < 2n — 1, a ysAU (k = Ck{^) u = ^k{^) onpedcAAiomca coomeemcmeenno ue 
ypaenenuu -Bo(C) = ^ = e*‘^. 


IIpHMeHaHHe. IIpH ly = 1, Wi = {cxd}, /xq = 1, = tt h npn saMene s na 2s tohkh 

HaceHKH B (7) onpe^ejiHioTCH h3 ypaBHenna = — 1. B 3tom cjiynae tohkh Xk G (—1,1) 
cocxaBjiHioT ^ByKpaxHoe MHOJKecxBo Hyjiefl MHoroHjiena HeGbimeBa Ts{x), b HacxHocxH, 
OHO pacnojiojKeHo cHMMexpHHHo oxHocHxejiBHo X = 0. Oxcio^a nojiynaexcH HSBecxHaH 
KBa^paxypnaH (|)opMyjia Faycca-HeGBimeBa (cm., nanp., m Bji. 10], |12)F xoHHaH Ha 
MHoroHjienax cxenenn < 2s — 1; 



fit) 

vT^ 


dt 


k=l 




, 2k - 1 

Xk = cos- TT. 

2s 


CcJiopMyjiHpyeM peayjiBxax ^jih ^eHcxBHxejiBHofl och M. IlycxB mhojkccxbo Rn cocxohx 
H3 2n pa3JIHHHBIX XOHCK, HC JICHCaH^HX Ha R, H HMCeX BHfl 


Rn = {Zl,Z2,...,Zn}^{Zi,Z2,...,Zn}, G C+, Zk ^ 


OO. 


riojIOHCHM 


^ B[{x) ^ Imzk 


k=l 


2i Bi{x) 


k=l 


X - Zk\ 


(9) 


TeopeMa 4. Uycmh s G N. Toeda Oaa Atodou npaeuAenou payuonuAhnou dpo6u R, 
ece noAJocu Komopou Aeotcam na Mnocncecmee Rn u UMcmm Kpamnocmu ne euuie s, npu 
AwdoM ip G (0, 27r) UMeeM 

sde e nepeoM paeencmee Xk{p) — {eeiyecmeennue) mouKu naceuKu, ydoeAemeopAwiyue 
ypaenenum Bf^{x) = a eo emopoM mouKutkip) ydoeAemeopawm ypaenenuw Bl{t) = 


3 

















Ha KBa^paxypHt-ix cJiopMyji ^jia papHonajitHtix cJiyHKpHH R nojiynaioTCJi xoHHtie (skc- 
xpeMajiBHbie) h xoHHbie no nopn^xy (oxHocHxejit.Ho cxenenn deg R) nepaBencxBa paannix 
MexpHK (xnna nepaBencxB C. M. Hhkojibckoxo), cm. §3. HanpnMep, na xeopeMw 2 nojiy- 
naexcn 

TeopeMa 5. nycmh s G N u payuoHaAhnafi ^yuKyun R ydoeAcmeopsiem ycAoeum 
meopcMu 2 {KOHennue noAwcu uMemm KpamHocmh ne euiue s, a e mounax Zi = 0 u 
zl = oo cyMMa Kpamnocmeu noAwcoe ne npeeocxodum 2s — 1). Tosda 


mew 

wo 


<-11^11 

vrr 


2 

X2(7r)’ 


Cey,. 


( 11 ) 


Hepaeencmeo (11) aeAsiemcji mounuM: Bah awBobo Co ^ 7r naudemcA payuoHaA'buaH 
(pyunyuH i?(Co) C); ^aa Komopou oho o6pavnaemcA e paeencmeo npu ( = (q. B Haemnoemu, 
cymeemeyem payuonuAhHaA ^yuKyuA R* , Baa Komopou 

II«*IIL(7.) = ^llfi‘llL(»llf‘lk-(7,)- (12) 

KpoMe modo, 

WRUl^M < ;^II^IU2(7r-)ll/^IU2(7r-)- (13) 

MnootcumeAb nepeB npouseeBenueM nopM e (13) hcahsa yMenhiaumb. 

1.3. IIpHMeHaHHa h npHMepbi. noy,o6HBie (3), (7) KBay;paxypHBie (|)opMyjiBi, ocno- 
BaHHBie na paajinnnBix HnxepnojinpnoHHBix xojKy;ecxBax (BepHnixenna, HeGnimeBa-Map- 
KOBa H y;p.) na Ben^eexaenHon ocn n OKpyjKHOcxn, Gbijih nojiynenw mhoxhmh aBxopaMH 
(cm. padoxBi n-ra H 6H6jiHorpa(|)Hio b hhx). PeayjiBxaxBi, GjinaKne no (|)opMe k xeope- 
MaM 1-3, nojiynenw b padoxax E.A. Pob6bi, K.A. CMoxpnpKoro, E.B. CI,HpByKa, P. Mnna. 
HanpnMep, yjis papnonajinnon cJiynKpHH R{z) c CHMMexpnnnBiM oxnocnxejinno M Mno- 
TKeexBOM npocxBix nojnocoB Zk, k = l,n — 1 (y,onycKaexc5i n nojnoc ne BBime nepnoro 
nopnyxa b decKonenno yy;ajiennoH xonxe), HMeeM |3] 


0 Rix) , _ ^”+'i?(4) 


An((r) := Y1 

k=l 


1 + XZk ’ 


(14) 


ry;e anax ~ oananaex, nxo nepaoe n nocjiey;nee cjiaraeMoe cjiey;yex paay,ejiHXB na 2, y,eH- 
cxBHxejiBnan nacxB pay;HxajioB Gepexen nojiojxnxejiBnon, a b xaneexae yanoa t2, ■ ■ ■ ,tn 
Gepyxen nyjin cnnyc-ypoGn HeGaimeBa-MapxoBa 


Nn{x) 


sin z/„(x) 
\/l — ’ 


ry,e UnO) 



An(^) 

vT^ 


dt, 


H y,onojin5noxc3 xonxaMH ti = —1, tn+i = 1 ((|)opMyjiBi c y,ByM5i cl^nxcnpoBannaiMH yajiaMH 
±1 naaaiBaioxcn xBay,paxypnBiMH cJiopMyjiaMH xnna JIoGaxxo). 

OopMyjia (7) y;onojin 3 ex cJiopMyjiy (14) b cjiey;yion];eM cMwcjie. HecMoxpn ne Bnemnee 
cxoy;cxBO, 3XH (JiopMyjiBi paajinnaioxcn: MnoTxecxBa yajiOB n BecoB b nnx HMeiox paanyio 
npHpoy;y. OopMyjia (14) paGoxaex na papnonajianaix (JiynxpHHX, xoxopaie b xonxe z = oo 
Moryx HMexB xojibxo npoexon nojnoc |3]. KpoMe xoro, yjis nac aajxno, nxo yajiai b (7), b 
oxjinnne ox (14), nepeMennaie, n xancyam yaeji (kW) Henpepaiano npoGeraex (y;Banyri;Bi) 
oxpeaox [—1,1] npn HaMenennn 93 ox 0 y,o 271 su. 3xo cymeexaenno ncnojinayexcn y;ajiee b 
nepaaencxBax paanaix Mexpnx. 
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IlpHMepHo TeM >Ke oxjiHHaioTCJi 4)opMyjit,i (3) h (7) ox cJiopMyji B.H.PycaKa, H.B.rpnGa, 
H.K. OHjiHnnoBOH ([6], [7]) na oxpesKe, a xaKace ox cJiopMyji, nojiyHeHHbix hmh b cjiynae 
OKpyjKHOcxH fljia xpnroHOMexpHHecKHX papHonajiBHBix cJiyHKpHH. 

OxMexHM eipe, hxo b ra nojiynenBi cxo^hbio c (10) KBa^paxypHBie cJiopMyjiBi 
L 2 -H 0 PM xaK HasBiBaeMBix HaHnpocxeHniHx ppo6e& (H/I,) nopa^xa m 

n 

Pn{,z) = ^{z-Zk)~^. (15) 

k=l 


HMeHHo, ecjiH Bce z^ G C+, W- Xk = Xk{p>) — xohkh nacenKH, y^oBjiexBopjHoipHe ypaane- 
HHK) Bl{x) = [k = 1, 2n), xo 


\\pn\\l=T^Y^ 


2 n (Rep„(a;fc))^ 


k=l 


A^i (^fc) 


= TT 


pi {xk), 


fii{x) =lmpn{x). (16) 


IIpHMepM. ripHBe^eM ^Ba npHMepa npHMeneHHH (8) h (10). Ecjih b35ixb R{x) = 
{z — i)~^, xo npH s = 1, 6 

llfillo = ( 7375 ) f + ^ (7V7) ( + l|fi(0)pj 

IIojiojKHM a = 2 + \/3, 6 = 2 — \/3. J\zi^i jiioOoh npaBHjiBHofi papHonajiBHofi ^poOn R c 
nojiiocaMH KpaxHocxH ne BBime 3, pacnojiojKeHHBiMH b xonxax ±i, h3 (10) nojiy^HM 


llfllll(i) = 3 (l«(l)r + + 2a (\R(ap + |fl(-a)|") + 

+26(|fl(6)|"+|fl(-6)|")). 

2. /],OKa3aTejii>CTBO xeopeM 1-4 


^OKasaxejifcCTBO xeopeMBi 1. Cnanajia npoBe^eM flOKa3axejiBcxBo b cjiynae npo- 
cxBix nojiiocoB Zk, x.e. npn s = 1. B oxom cjiynae no ycjiOBHio xonxn 0 n cxd ne Moryx 
Gbixb nojiiocaMH ppoGn R. IlycxB 



F(z) 


R{z) 

B{z) — R'-f’ 


Ho xeopeMe Komn o Bwnexax HMeeM 


[ m\dc\ 




/3k dC 

r^-C^ C 


2ti 

r 


k =2 


(17) 


PaccMoxpHM paBJiojKenne na npocxenmne ppoGn (JiyHKpHH F{z). Ona HMeex npocxnie 
nojiiocBi B xonxax nacenKH (k {k = 3,... ,n) n b xonxax Zn n ycxpannMBie ocoOennocxH 
B xonxax Z*. IIosxoMy paBJiojKenne c ynexoM (2) n paBencxBa B{(k) = HMeex bh^ 


^ -^(Cfc) _ Qffce 

t{B'{Ck){z-Ck) ^z-zk 


e ^‘^(/kRi.Ck) 

PiCk){z - Ck) ^^Z-Zk 


(18) 
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Ilocjie noflCTanoBKH z = 0 b (18) c ynexoM -B(O) = 0, -R(O) ^ oo, naxo^HM 


F(0) = 


k=l 


RjCk) 

KCk) 


n 




k=2 


RjCk) 
hi ’ 


Oxciofla H H3 (17) nojiynaeM (3) npn s = 1. 

K pasoGpaHHOMy cjiynaio cbo^hxch o6in;HH cjiynafi xpaxHBix nojiiocoB, oxjihhhbix 
OT Zi = 0 B zl = oo. /leficxBHxejiBHo, nycxB R{z) — papHOHajiBHaa (JiyHKpHH, no- 

JIIOCBI KOXOpOH JieJKaX Ha Zn U Z*, OXJIHHHBI ox Zi B zl B HMOIOX KpaXHOCXH He BBI- 
me s. ripH u = 1,2,... paccMoxpHM nocjie^oBaxejiBHocxB MHOHcecxB Z{u) := {zu-,k,j} 
(j = l,s,k = l,n) H3 HonapHo pa3JiHHHBix xonex co cBOHcxBaMH Xmiy^oo Zy^k,j —^ Zk, 
Zv-i,i = Zi = 0. Tor^a ^jih (JiyHKpHH B{u; z) b jj,{y^ z) BH^a (2), nocxpoeHHBix no mhohcc- 
cxBaM Zi^u) UZ*(z/), npH u ^ oo HMeeM B{yX) — )■ B^{Q b /i(z^;C) 'S/i(C) paBHOMepno 

Ha 7^. KpoMe xoro, nan^excH nocjie^oBaxejiBHocxB npaBHjiBHBix papHonajiBHBix cJiyHKpHH 
7?(z/; C) c npocxBiMH oxjihhhbimh ox Zi b z^ nojiiocaMH, jieHcaniHMH na Z{y) U Z*{v), 7 ;jih 
K oxopoH i?(z/; C) R{C) paBHOMepHO Ha OKpyjKHOcxH 7^. riooxoMy, npHMeHHB yjKe flOKa- 
3aHHoe K R{u-,(), B{u](), 3axeM npe^ejiBHBiM nepexo^oM npn v ^ oo nojiyHHM 

(3) fljiH cjiynaH KpaxHBix oxjihhhbix ox ;2i = 0 h 2 ;* = cxd hojhocob. 

3aBepmeHHH 7;oKa3axejiBcxBa (3) h 7;oKa3axejiBcxBa (4) noHa^oOnxcH 

JleMMa 1. B ycAoeuHX meopeMU 1 npu Cfe = Ck{s,ip) cnpaeedAueo paeencmeo 

QiCk) 
f^iCk) 


Qo, 


E 

j=l-s 


rae Q(z) := V] % 6 C 


(19) 


sn 

S(Q) T 

k=l 


/leHcxBHxejiBHo, npn Uj{z) = z^ b oxpnpaxejiBHBix j > 1 — s no aHajioxHH c (18) naxo^HM 

^ ^ e-iy ^ Cfc^j(Cfc) 

B^{z)-e'f’ s “/i(Cfc)(2: - Cfc)’ 

r^e npe^eji npn —)■ 0 ox jicboh nacxH panen Hyjiio (x.k. Zi = 0 HBjinexcH nyjieM nopn^Ka 
s > \j\ fljiH 5^). Oxcio7;a npn z ^ 0 nojiynaeM, nxo cyMMa S{aj) panna Hyjiio. 
HOJiojKHxejiBHBix j xaKHce S{aj) = r‘^^S{a-j) = 0. AnajiorHHHo paBJionceHHeM ^poGn 
{B^{z) — nojiynaexcH paneHcxBo S'((To) = 1- 

PlHxerpaji b (3) ox cxenenen Cjlz), 1 — s < j < s — 1, j ^ 0, paBen Hyjno, nooxoMy 
H3 (19) cjie^yex, nxo 7;o6aBjieHHe k R jikhchhoh KOMGnHapHH xbkhx cxenenefi ne H3Me- 
HHex o6e nacxH paBencxBa (3). KOHcxanxBi do = 1 o6e nacxn paBHBi 27rr. 3xhm 

3aBepmaexcH 7;oKa3axejiBcxBo (3). □ 

/],OKa3aTejiijCTBO xeopeMbi 2. PaccMoxpHM (JiyHKpHio i?o(^) = R{z)R{z). IIpH 2 ; = 
C G 7r HMeeM 

fio(C) = |fi(C)r = R(OW) = R(0M0 = R«)R (0 . 


r^e R{-) oBHanaex onepapnio conpnjKeHHH KoocJicJiHpHeHxoB 4)yHKH,HH R. CnHxan xenepn 
( cbo 6 o 7 ;hoh nepeMennoH na C, HecjioJKHO BH 7 ;exB, nxo Rq kbk 4)yHKH;HH ox ( HBjinexcH 
papHOHajiBHOH (JiyHKpHeH BH 7 ;a 


Ro{C) = pUO + QAi/C) + Ri{0, 
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r^e Pm vlQu — MHoroHjieHbi, cxeneHH mviiy Koxoptix ne npeBocxo^ax cyMMbi KpaxHocxefi 
nojiiocoB (JiyHKpHH R B xoHKax Zi = 0 VL zl = oo, x.e. m < 2s — 1, u < 2s — 1, Ri — 
iipaBHjiBHaH papHOHajiBHaa ;];po6b, HenyjieBBie nojiiocBi Koxopofi jiejxax na MHOJKecxBe 
U ^* \ {cxd} h HMeiox KpaxHocxB He BBime 2s. IIpHMeHHB xeopeMy 1 c saMenoH s 
Ha 2s, HOJiyHHM (JiopMyjiy (3) ^jih Ri. 3xa nee cJiopMyjia Bepna h ^jih MHoroHjienoB Pm 
H Q^. 3x0 cjie^yex hs jieMMBi 2 (r^e s saMennexcH na 2s) h hs xeopeMBi o cpe^neM: 
J^^Pmiz)\dz\ = 27rrPm(0), J^^Q,y{z)\dz\ = 27rrQ^{0). □ 

^OKasaxejiijCTBO xeopeMti 3. IIpH x E [—1,1] c^ejiaeM saMeny >KyKOBCKoro 



cost, ( = y/l — 


sint|, dx = — sint dt. 


( 20 ) 


yHHXBiBan, Hxo npH o6xofle xohkh ( e;];HHHHHOH oKpyjKHocxH xoHKa X npoGeraex oxpesoK 
[—1, 1] flBaJK^BI, HOJiyHHM 

2j'^-P^dx^jR„(0\d(\, me + (21) 

OxjIHHHBie OT Zi = 0 R zl = OO HOJHOCBI papHOHajIBHOH Rq{z) HMCIOX KpaXHOCXB 

He BBime s, a b xohkbx zi = 0 r zl = oo Moryx 6 bixb hojhocbi KpaxHocxH ne BBime 
s — 1 . riooxoMy yxBepjK^eHHe xeopeMBi 3 cjie^yex h 3 KBa^paxypHBix cJiopMyji (3) h (4) c 
saMeHOH n Ha z/; 


2 



R{x) 
Vl — x'^ 


dx 


27r RojCk) 

a tz, i‘(a) ’ 




*,2 




^OKaaaTejiBCTBO xeopeMBi 4. ,II,jih y^oGcxna ^oKasaxejiBcxBa Gy^eM cHHxaxB zi = i. 
IIpH saMene x = —i{C + 1)(C ~ 1)”^) 2 ; G M, C ^ 7i; nojiynaeM 

l|fl|lL(i.)=2j[ |il,(C)7dCI. -^0(0 = < = P2) 

r^e Rq — papHOHajiBHaH ppo 6 B, hojhocbi Koxopon jiejxax na chmmoxphhhom oxhochbojibho 
7 i MHOHcecxBe 


{6} u m, 


rpe 


■Cfc 


Zk - i 
Zk + i' 


k = 1,... ,n, 


H BO Bcex XOHKaX, OXJIHHHBIX OX = OO, HMeiOX KpaXHOCXB He BBime S, a KpaXHOCXB 
Hojiioca B xoHKe = 00 , KaK BHpHo H3 (22), He BBime s — 1. B xoHKe z = \ — yexpaHHMan 
ocoGeHHocxB (x.K. R{oo) = 0 HO ycjioBHio). CjiepoBaxejiBHo, Rq ypoBjiexBopnex ycjioBHHM 
xeopeMBi 2. ,II,ajiee, jiexKo npoBepnxB, hxo npn yKa3aHHOH BaMene pjiH npoH3BepeHHH 
BjiHmKe (2) h (9) hmoom cbh3b B{C,) = A ■ Bi{x), x.e. 


n 


C -6 

1-Ca 


n 



rpe 


A:=ll 


i - Zk 
i + Zk 


Oxciopa c ynexoM (2) h (9) naxopHM 


KO = C 


B'iO 

B{0 


B[{x) 2i 
B{x) (1 - O' 


4C 

( 1 - 0 ^ 


fii{x). 
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HaKOHei],, yHHTMBaH (22) h (4), nojiynaeM (10); 


2||R 


27rr 


0 II L2(7i) 


2sn 

E 

k=l 


|i^o(a)p 

f^iCk) 


Xk + l 

25 ^ /Lti(a:A:) ’ Vfc - 1 ’ 


3. HepaBGHCTBa pasHBix MexpHK ^jih papHonajiBHBix (JjyHKpHii 

H MHOrOHJIGHOB 

HepaBencTBa pasHBix MexpHK ^jih ajireOpaHHecKHx h xpHroHOMexpHHecKHx MHoroHjie- 
HOB xopomo HSBecTHBi. Ohh bocxo^ht k paGoxaM /I,./I,>KeKcoHa |2^ h C.M. Hhkojibcko- 
ro IZI]. ^ajiBHeflinee pasBHXHe sxa xeMaxHKa nojiynHjia Gjiaro^apa paGoxaM H.K. Bapn, 
C.B. CxeHKHHa, B.B. ApecxoBa, JI.B.TanKOBa, B. Cere, A. SHrMyn^a, Il.JI. yjiBHHOBa, 
M.K. rioTanoBa, A.O. THMana, H.H. HGparHMOBa, MaMe^xanoBa h mhofhx ;];py- 

THX aBTOpOB (BCe HCTOHHHKH 3fleCB HeB03M0>KH0 HepeHHCJIHTB, MBI OrpaHHHHMCH CCBIJIKOH 

Ha paOoTBi |22], [23], [27], [29], [30], [31] h na cooTBexcTByroipyio OnOjinorpacJiHio b hhx; cm. 
xaKJKe ccBijiKH HHHce). B KanecTBe npHMepa npHBe^eM nepaBencTBo ^jih ajireOpaHnecKHx 
MHoroHjienoB cxeneHH < n na orpaHHHeHHOM npoMejKyxKe P C M; 

ll-PnlUp(E) < C'(P,p,r)n^*^-"p)||P„||L,(E), oo>p>r>l. (23) 

Cxo;];HBie HepaBeHCTBa BepHBi h ^jih xpHroHOMexpHHecKHx MHoroHjienoB, npnneM b cjiy- 
Hae E = [—TT, vr] MHOJKHxejiB 2 b noKaBaxejie cxeneHH mojkho 3 aMeHHXB e^HHHpeH (cm. 

ra.izii). 

HeKoxopBie HepaneHcxBa pa3HBix MexpHK ^jih (15) Gbijih nojiyneHBi b [33], |35| . 
ripHBe^eM oflHo xaKoe HepaBencxBo: 

||pn|li^(R) < A{p, r) ||pn|ll^(R), r^e + q-^ = 1, = 1. (24) 

OxMexHM, Hxo, B oxjiHHHe OX (23), HepaBeHcxBa (24) p;jiH H/I, nejiHHeHHBi oxHocHxejiBHo 
cpaBHHBaeMBix HopM. BooGipe, anajiorHHHaH HejiHHeflHocxb B03HHKaex h b p;pyrHx nepa- 
BeHcxBax p;jiH H/I,, KpoMe xoro nepaBencxBa cop;ep>KaxejiBHBi h na OecKoneHHBix 

npoMencyxKax h npH npoH3BOJiBHOM cooxHomeHHH Me>Kp,y pur (npH p < r ohh xaKHce He 
HBJI5HOXCH xpHBHajiBHBiMH H He cjiep;yiox H3 HepaBeHcxBa rejiBp;epa p;a>Ke na KoneHHBix 
npoMencyxKax) |33| . 

B paOoxax B.K). IIpoxacoBa, H.P. KaioMOBa, A.B. KaioMOBOH, B.H. /laHnenKo |13j-|19j 
6 bijih nojiyneHBi opeHKH p;pyroro xnna. B sxhx paOoxax Lp-HopMBi p;jiH b ochobhom 
opeHHBajiHCB nocpep;cxBOM cnepnajiBHBix cyMM, hbho 3aBHCHiu;Hx ox hojhocob Zk- Hanpn- 
Mep, B [13] noKa3aHo, hxo 

Lp(R) > 7p 

c onpep,ejieHHBiM xohhbim MHOJKHxejieM 7 ^, BaBHcnipHM jihiub ox p. B |15j noKa3aHo, hxo 
ecjiH Bce Zk G C"*", xo npn 1 < p < 3 HMeeM p;BycxpoHHioio openny 

IIPr^|li^(R) cos < 27r Im ^p^”^(^) 

\ k=l 




i/p 


E 

k=l 


Im Zk\P~^ 


p > 1, 
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Bo3HHKaeT HHxepec k pacnpocxpaHeHHio HepaBencxB xnna (24) na ^pyrne MexpHKH h mho- 
jKecxBa. HeKoxopBie peayjiBxaxBi b sxom nanpaBjieHHH nojiyHenbi b |36| . B cjie^yiomeM 
naparpacjie nojiynenBi xoHHbie openKH sup-nopM papnoHajibHBix cJ^ynKpHii h, b nacxHo- 
cxH, MHoroHjienoB h HanpocxeflniHx ^poGefi nepea hx HHxerpajibHBie nopMBi b cjiynae 
OKpyjKHOcxefl, npaMBix h hx cexMeHXOB. 


3.1. Cjiynaii OKpy:acHOCxH. /(oKanceM xeopeMy 5, a saxeM Kax ee HacxHBiH cjiynafi 
HOJiyHHM HeKoxopBie HepaBeHcxBa ^jih MHoroHjienoB. 


3.1.1. ^OKasaxejibcxBO xeopeMM 5. BbiGpaB b (4) napaMexp tp xax, hxoGbi b 
xoHKe HaceHKH Cl = Ci(2s,<p) cJiyHKpHH |i?(C)P//i(C) npHHHMajia HanGojiBinee sHaneHne, 
HOJiyHHM (11): 


max 

CGXr- 


|fi(C)P 

KO 


mi)? 

m) 


< -ii^ii 

nr 


2 

L2{lr) 


/Jajiee, h 3 nepaBencxBa KomH-BynaKOBCKoro h (4) HMeeM 


2sn 

^ ^ f^iCk) — ^^l|-^l|L2(7r)ll/^l|£'2(7r); 

k=l 

r^e Cfc = Cfc(2s,<p), oxKy^a, BbiGpaB b (4) napaMexp p xax, hxoGbi b xonxe Ci = Ci(2s,v^) 
(JiyHKpHH |-R(C)| npHHHMajia nanGojinmee ananenHe, nojiynHM (13). 

KoHeHHo, BBiGop B cyMMB (4) jiHmB o^Horo cjiaraeMoro Moncex sHanHxejibHo orpy6- 
jiHXb opeHKH, oco6eHHo Kor^a cjiaraeMbie HeaHanHxejibHo oxjiHnaioxcH ^pyr ox ^pyra. Tbm 
He Menee opeHKa (11) HBjiHexcn xohhoh na Kjiacce ^onycxHMbix papnoHajiBHBix cJiyHKpHH. 
IIoKajKeM, HanpHMep, nxo paBencxBo b (11) ^ocxHxaexcH na papHonajiBHbix cJiyHKpHHx 
BH^a 

R{z) = R{s, n, (p; z) = Ci = Ci(2s, (p), (25) 

^ - Cl 

r^e B — npoH3BefleHHe BjiamKe h3 (2). OneBH^Ho, cJiyHKpHH R y^oBjiexBopnex ycjioBHHM 
xeopeMBi 2 h, cjie^oBaxejibHo, ^jih nee cnpaBe^jiHBo paBencxBo (4). C ;];pyroH cxopoHBi, 
BO Bcex xoHKax HaceHKH, oxjiHHHbix ox Cl, HMeeM R{Ck) = 0, k ^ 1. 3x0 oaHanaex, nxo 
(JiyHKpHH |i?(C)P//i(C) npHHHMaex nanGojitmee ananeHne b xonxe Ci h b (11) nojiynaexcH 
paBeHcxBo. ^oKaaaxejibXBa (12) ^ocxaxonno ^onojiHHxejiBHo noxpe6oBaxB, hxo6bi 

npH cooxBexcxByroipeM p b xonxe Ci = Ci(2s,(p) cJiyHKpHH p npHHHMajia nanGojibrnee 
BHaneHHe. □ 

B flOHOJiHeHHe k xeopeMe 5 aaMexHM, nxo HopMa /i b (13) jiexKo no^cHHXBiBaexcH: 

IMII,., - r^l mom\ - ^ 


2sn 




k)\ < 


k=l 


2sn 

E 






n 

= 2nr Res^j, 2 : 

k=l 



2 


2nr 



n n 

+2EE 


3=2 k =2 



(26) 


Oxcio^a cjie^yex, nanpHMep, nxo MHOJKHxejiB nepe^ npoHaBe^enneM HopM b (13) Hejib3H 
yMeHBmnxb. ClencxBHxejiBHo, npn i? = /iHs = lH3 (13) h (26) HMeeM (cm. xannce (5)) 


rooiZr) — 


1 

nr 


L(73 - 2^^ + 4EE 

j =2 k =2 


ZkZj 




ZkZj 


(27) 
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a 3flecb, KaK jierKo npoaepHTb, npn Z 2 r vi npoHHx 4)HKCHpoBaHHt,ix nojiiocax oxHome- 
HHe jieBOH H npaBOH Hacxeil cxpeMHTCJi k e^HHnpe. Otmcthm eipe, hto ecjin Bce nojiiocBi 
R jiejKax BO BHeniHocxH KojiBpa = {z ■. er < \z\ < r/e}, e G (0,1), to, openHB 
CBepxy BejiHHHHoii n(l + e)/{I —£), h3 (11) nojiyHHM 

iifiiifah,). ^ K>- 


3.1.2. HepaBOHCTBa flJia MHoroHJienoB. KBaflpaxypHBm moto^ no3BOJiHeT o^hho- 
o6pa3Ho nojiyHHTB pa^ nepaBencTB ^jih xpHroHOMexpHHecKHx h ajireGpaHnecKHx mhoxo- 
HjieHOB. HpHBe^eM neKoxopBie openKH. 

riycTB Tg_i{t) — xpHroHOMexpHHecKHH MHoroHjien cxenenH ne BBime s —1 c komojickc- 
HBiMH KoscjDcJiHpHeHTaMH. IlycTB p>0Hm = m(p)- HaHMeHBinee naxypajiBHoe hhcjio, 
ypoBjiexBopHiomee nepaBencTBy 2m > p. Torpa 

||7^s-l||Loe[0,2^] < tt(p) • SP ||T,_i||ip[0,2,r], ^(p) < ( —j < P > 0. (28) 

AnajiorHHHoe HepaBencTBo cnpaBepjiHBo pjiH ajireGpaHHecKoro MHoroHjiena P 2 S -1 c kom- 
njieKCHBiMH KoocJicJiHpHeHTaMH cxeneHH He BBime 2s — 1: 

1 / TTl \ ^/P 

||^2.-i||l^( 7.) < a(AP) • \\P2s-i\\lpM, (^{r,p) < (^—j , P > 0. (29) 

^Hjih poKa3aTejiBCTBa (28) paccMoxpHM papHonajiBHyio (|)yHKpHio R{z) = 

Taxyio, HTo Ts-i{t) := i?(e**). B otom cjiynae cJiyHKpHH R HMeex paa nojiioca 2:1 = 0 h 
zl = 00 , cyMMa KpaxHocxeH Koxopaix ne npeBocxopHx 2s — 2. IlosTOMy h3 npHMeHaHHH 
K xeopeMe 2 npn tt, = 1, r = 1 h = 1 nojiynaeTCH: 

i; |r.-i(4)l"’’‘ = 

k=l 


rpe tk = tk{(p) = argCfc(2sm, 93 ). Oxciopa, BBi 6 paB ip xaK, hto6bi b tohrc ti (|)yHKpHH 
|Ts_i| npHHHMajia nanGojiBniee BHaneHHe, nojiyHHM 


ir,-i 


1 2m 

I Loo [0,271] 




1 2m 


< 


sm 


TT 


IIL-i 


1 2m 

I L 2 m 


[0,27r] — 


sm 


TT 


\\Ts-, 


[0,27r] 


\\Ts-i 


1 2m—p 
lLoo[0,27r]’ 


OTKypa H cjiepyex opeHKa (28). HepaBencTBo (29) nojiynaeTCH anajiorHHHo h3 (6 ) npn 

Riz) = P2s-iiz), n = 1, /i(e**) = 1. 

SaMenaHHA o tohhocth. IlepBoe nepaBencTBo xHna (28) pjiH BemecxBeHHBix xpH- 
roHOMexpHHecKHx MHoroHjieHOB HOJiyneHo /I,.,ZI,>KeKcoHOM h C.M. Hhkojibckhm |20).|21) 
(npH p > 1 c KOHcxaHTOH a{p) = 2). IIpH p = 1 HOBepeHHe Hanjiynmero MHOJKHxe- 
jih a*(l) B (28) pjiH BemecTBeHHBix MHoroHjienoB HBynajiH C.B.CxeHKHH h JI.B.TaflKOB. 
Hmh noKa3aHo, hto a*(l) = c + o(l) npn s —)■ 00 c neKoxopBiM 0.539 < c < 0.58, cm. |32) . 

SaMexHM, HTO Ha caMOM pejie nepaBencTBo (28) cnpaBepjiHBo b Kjiacce % mhotohjichob 
Tg cxeneHH < s, Koxopaie npepcxaBjiHioTCH b anpe Yll.^i_g o'kz’^ hjih ’^kZ^, z = e**, 

(jfc G C (x.K. cyMMa KpaxHocxeii hojhocob b o6ohx cjiynaHx ne npeBocxopHx 2s — 1). B 
Kjiacce Ts HepaaencTBo (28) tohho npn p = 2 (m = 1); HanpHMep, jierKo npoBepnexcH, 
HTO npH a{2) = T\~^P OHO pocTHraexcH na MHoroHjienax 


r;(() 


s-1 s-1 

1 + 2 ^ cos H + e**' = 1 + ^(^^ + z-^) + z*, ^ 

k=l k=l 
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B 3TOM cjiynae h jieBaa, h npaBaa nacTH b (28) paBHBi Tg*(0) = 2s. 

IlpH p = 2 (m = 1) TOHHBiM HBjiHeTCH H HepaBeHCTBo (29), OHO p;ocTHraeTCH Ha 
^ 2 s-ii^) ~ ~ r^®)(z — r)~^. B ocxajiBHBix cjiynanx Bonpoc o tohhocth KOHcxaHT a{p) 

ocxaexcH oxkpbixbim. 

npHBep;eM eme op;Ho HepaBencxBo, nojiynaiomeecH h 3 (3) npn n = l,r = lH/i(e**) = 1; 


max 


^T,_i(4(p)) 

k=l 



||^s-l||Ll[ 0 , 27 r], 


4 = tk{(p) = argCfc(s,p), 


(30) 


oxKyp;a Heompuu,ameAhHux xpnroHOMexpHHecKHx MHoroHjienoB nojiynaoxcH opeHKa 
BHp;a (28) npn p = 1 c MeHBmHM MHOJKHxejieM «(!) = l/(27r). 

3.2. CjiyHaii oxpesKa. IlycxB R{z) = Ps-i{z) — ajireOpaHHecKHH MHoroHjien c kom- 
HjieKCHBiMH K034)4)HH,HeHxaMH cxeneHH He BBime s — l,p>0Hm = m(p) — naHMCHBrnee 
HaxypajiBHoe hhcjio, yp,oBjiexBop5Hon];ee HepaBencxBy 2m > p. Torp;a anajiorHHHo (28) h 
(29) H3 (8) (npH n = 1, /io(e**) = 1) c ynexoM npHMeHaHHH k xeopeMe 2 nojiynaeixo 





Ps-l{x)\P 

\/l — 



i/p 


^(p) < 



(31) 


3x0 HepaBeHcxBo HBjiHexcH xohhbim ho nop5ip;Ky s [28]. Bojiee xoro, npn p = 2 cymecxBy- 
lox BemecxBeHHBie MHoroHjieHBi P*_^{x), p;jih Koxopnix 


in-i(i)i 


II p* II 

/— II -4s—1II *,2- 

V TT 


(32) 


TaKoe paBeHcxBo BBinojiHHexcH, HanpHMep, p;jih MHoroHjieHOB P*_^{x), Koxopnie npn 3a- 
Mene (20) npHHHMaiox bhp; 


p:.i{x) = c 


1 c -1 

c*-i - 1 ’ 



(33) 


TaKHe MHoroHjieHBi cymecxByiox, 3 x 0 MHoroHjieHBi BkoGh P*_^{x) = (cm., 

Hanp., [20]), yp,OBjiexBopiHOHi;He p;H4)4)epeHH;HajiBHBiM ypaBHeHHHM 

(x^ — l)p"(a;) -I- ?>xy'{x) -l- (1 — s^)y{x) = 0. (34) 


,Z],eHcxBHxejiBHo, npH 3aMeHe (33) cJayHKpHH F(^)((C^ — 1) ^ = y{x) ypaBHenne (34), 
KaK HecjiojKHo npoBepHXB, npeo6pa3yexcH k ypaBHennio 3Hjiepa 

c^y"(c)-cnc) + (i-5^)nc) = 0 . 


oOmee pemeHHe Koxoporo HMeex bhp, -|- C 2 ). SnaHHx, p,ji5i nojiHHOMHajiBHoro 

pemeHHH HMeeM C 2 = —ci h (33) BBinojiHeno. B 3xom cjiynae hphmchhm (8) c p = 0. 
Tohkh HaceHKH onpep;eji5HoxcH KaK Kopnn ypaBHeHHH = 1 h no3xoMy b cyMMe (8) 
ocxaexcH xojibko p;Ba paBHBix HenyjieBBix cjiaraeMBix |P4i(=tl)P- Oxciop;a h cjiep;yex (32). 

3.3. CjiyHaii p,eiicTBHxejii>HOH och. AnajioxHHHo xeopeMe 5 h 3 (10) nojiynaexcH 

^HepaBencTBa TaKoro THna xopomo HSBecTHBi, cm., nanpHMcp, |24| . |25| . |28| . 0.ii,HaKO aBTopaM ne 

H3BeCTHBI TaKHC HCpaBCHCTBa flJIH KOMnjICKCHblX MHOBOHJICHOB C GojICC TOHHbIMH KOHCTaHTaMH. 


11 








TeopeMa 6. Uycmh s G N u npaeuAhuasi payuonajihuaji dpo6h R ydoejiemeopsiem 
ycAoeum meopeMU 4 {noAtocu ne Aecncam naM. u uMewm Kpamnocmu ne euiue s). Toeda 

^ < —xeM. 

9mo Hepaeencmeo ASAAemcA mounuM: Oah aio6oso xq G M naudemcA payuoHaAhHaA 
^yuKyuH R{xo,x), Oaa Komopou oho o6pavnaemcA e paeencmeo npu x = Xq. B Hacmno- 
cmu, cyui^ecmeyem payuonuAhHaA ^ynnyun R* , Bah Komopoil 

2s 

11-^ llioo(R) ~ llL2(R)ll/^l|l-f'oo(®)- 

KpoMe moeo, 

2s 2 

||-R||loo(r) < —II-R|U2(r) II/^iIU2(r)> II/^iIUoc(r) < “II/^iIIl2(r)’ (35) 

B (35) MHooKumeAh 2 /7T yMCHhiMumh HCAhSA, omo npoeepAemcA na payuonaAhHux (jiyuK- 
yuAX R{z) = pi{z) c napou npocmux noAwcoe. 

3KCTpeMajit>Ht.ie papHOHajibHbie cJiyHKpHH R* b xeopeMe 6 cTpoaxcH kslk h b xeopeMe 
5 (cm. (25)). SaMcxHM, hxo pi{x) = Imp„(a;) ^jih H/I, (15) c Zk = Xk + iyk £ C"*", xax hxo 
ecjiH B35IXB i? = H s = 1, xo H3 (35) nojiyHaexcH 



Up. 


n\\Lo 


< -||Pn||L2(R) II Ini Pn II L2(R)) 


TT 


Hxo yxoHHaex cxo^hbih pe3yjiBxax h 3 [33], r^e bmccxo Imp„ Gbijio p„. Oxmcxhm eipe, hxo 
no xeopeMe Komn o BBinexax HMeeM (cm., nanpnMep, |15j ) 


2-1|Pn||^ = ||pi||^ = vr 


Vk + Vr 




k,m=l (xk - Xm)^ + (Pfc + Pm)^ ’ 


3.4. HepaBeHCXBO paantix MexpHK flJia H^. IlycxB R{z) — papnonajiBnan cjiynx- 
pnn, Bce nojiiocBi Koxopon jieJKax bo BnemnocxH OKpyjKHOcxn 7 ,. n R{oo) = 0. JXjis H/I, 
(15) c nojiiocaMH, jie>Kani;HMH Bnyxpn 7 ^, nojioJKHM 

p{z) = pn{z) + R{z). (36) 

,II,OKa>KeM BcnoMoraxejiBHoe npe7;jio>KeHHe o pa37;ejieHHH ocoGennocxeii. /I,ji 3 KpaxKocxn 
Bci 07 ;y hhjkc b sxom naparpacjie npHMenneM oGoBnanenne || • ||p := || • ||lp( 7 ^). 

JleMMa 2. Ha oKpyoiCHOcmu 7 ^, r > 0, nesaeucuMO om nopAdna n>l umccm nepa- 
eencmeo 

lIPnIloo < 3?7ln(r7 + 1), r7,e 7 := ||p||oo. (37) 


^OKasaxejibCTBO. ^Hocxaxonno ycxanoBnxB (37) b cjiynae r = 1; o6 TTT nn cjiynan 
nojiynaexcn BaMenon p{z) na r p{r z). llMeeM 


1 < n < 


271 


|p(C)IMCI < P, 


71 


|p'n(^)l < 



MCI 

IC-M^ 



(38) 


npn \z\ > 1. By7;eM 7;ji3 y7;o6cxBa cnnxaxB = 1 — £ G (0,1). IlycxB z = 9 > 1. H 3 
npe7,Bi7,yni,ero nepaBencxBa hmccm 


|Pn(^)| < P 



dt 



^1 + 1 
z\ - 1 


P - - 2 P - 1 


(39) 


12 










HxaK, pasHocTb 


v{7],e;9) 



e + 1 

e-1 


1 

6 — 1 + e 


flOJiJKHa 6t>iTb nojiojKHxejibHOH npH Bcex 6 > 1. Oxcio^a cjie^yex, hxo e > {2r]‘^)~^. ^1,60- 
cxBHxejibHo, npH e = {2r]‘^)~^, no^cxaBHB 9 = 1 + r]~^ b v{r],e]9), nojiy^HM, kbk jier- 
Ko npoBepHXB, oxpnpaxejiBHoe aHaHenne npn Bcex f] > 1 (h 3 (38) cjie^yex, hxo Bcer^a 
f] > n > 1). HxaK, 1 — \zi\ > {2r]‘^)~^. To ace Bepno ^jih jiioGoro nojiioca z^- Oxcio^a h h 3 
(39) npH J 11060 M |2:| > 1, H C = ^l\A nojiyaaeM 


|Pn(C)l < \pn{,z)\ + \pn{z) 


Pn(C)l < |ln 


;2| + 1 
;^l -1 


n 


+1--C1E 

k=l 


1 

- ^^fcllC - Zk 


< - In j^j ^ + \z — C,\n ■ 21^ ■ 21^ < - In j^j ^ + Arf (| 2 :| — 1). 

Ecjin B 3 HXB \z\ = 2~^rj~‘^ a/ 1 + 4?]^, xo oxcio^a nojiynnM nyacnoe nepaBencxBO (37). □ 

HycxB Z = {zi,...,Zn} U {0}, r^e Zk nojnocni H/I, (15) (jieacax nnyxpn 7 ^). 
y 7 ;o 6 cxBa 7;oKa3axejibcxBa cjie^yiomeH xeopeMBi 6 y 7 ;eM cnnxaxn, nxo xonKH Zk nonapno 
paajinnHBi (oGn^nn cjiynan CBO^nxcn k sxoMy npe 7 ;ejiBHBiM nepexo 7 ;oM «cjih5Ihhji nojno- 
coB», nanpHMep, Kan sxo 7 ;ejiajiocB npn ^oKaaaxejincxBe xeopeMBi 1). ,n,Ji5i nncjia u xoneK 
MHoacecxBa Z iiMeeM z/ < n + 1. HycxB R{z) — papnonajiBHan (JiynKpiin c R{oo) = 0, Bce 
nojiiocBi KoxopoH jieacax na Z* n iiMeiox KpaxnocxB ne BBime s. Tor7;a cnpane^Jinna 

TeopeMa 7. JJah pav^uonaAbHou (pyHK%uu (36) cnpaeedAueu Hepaeencmea {o6o3Ha- 
nenue: rj = ||p||oo) 


7] 


(n 


Qrr] ln(l + rj) 

B HacmHocmu, npu R{z) = 0 umccm 

|Pn(C)P 


— < — 
1) Trr 


max 


|C|=r 2r|p„(C)| - (n 


I) - 


2 

n|l 2 ) 




(40) 


11 Pn 11 00 ^ 11 Pi 

71 


2 

’n\\ 2 - 


(41) 


^OKasaxejiBCTBO. Ho MHoacecxny Z onpe^ejiHM Kan b (2) (JiyHKpnn B n p. Hpn 
1(^1 = r c ynexoM (2) n (37) iiMeeM 

p(C) < l + Re(2Cpn(C)) p(C) < 6 rr/ln(l + r/)-n + 1 , (42) 

oxKy^a, ynnxBiBan (4), npn cooxBexcxByiomeM BBiGope <p (kbk b n. 3.1.1) nojiynaeM 

_ t _< = _ 1 _<5i£|uf. 

6 r 7 ln(l + 77 ) — n + 1 ^ p(Cfc) ln(l + 7 ) tt ^ 

Ecjin R{z) = 0, xo MoacHo BocnoanaoBaxBca (4) c s = 1 n nepBBiM nepaBencxBOM b (42). 
Tor 7 ;a npn cooxBexcxByiomeM BBiGope (p r (k = Ck{^,+) noaynaexca (41). □ 
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